Abstract. We study the field of moduli of singular K3 surfaces. We discuss both the field of moduli over the CM field and over Q. We also discuss non-finiteness with respect to the degree of the field of moduli. Finally, we provide an explicit approach to the computation of the field of moduli.
Introduction
In algebraic geometry, it is sometimes convenient to work with general objects inside a moduli space, as the genericity assumption often seems to grant more control on the geometry. For instance, a general hypersurface of degree d ≥ 4 in P 3 has Picard group of rank one, generated by the class of a hyperplane section.
On the other extreme, one might want to consider objects with extra structure, and this often leads to very interesting arithmetic applications. As an example, the generic elliptic curve will have endomorphism ring isomorphic to Z, but it is well-known that elliptic curves with complex multiplication (CM), meaning those whose endomorphism ring is strictly bigger than the ring of integers, have attracted a great deal of researchers in algebraic and arithmetic geometry. In the moduli space of (smooth) elliptic curves, CM elliptic curves are a countable set, and it can be shown that they correspond to quadratic imaginary numbers (see, for instance, [3, Ch. IV, Sec. 4]).
Abelian surfaces and K3 surfaces, which are the natural generalization of elliptic curves to dimension two, are no exception: the groundbreaking work of Shioda and Mitani [16] has revealed a deep connection between the geometry of singular abelian surfaces (abelian surfaces with maximum Picard number) and the arithmetic of quadratic forms. Also, this connection extends to singular K3 surfaces, as it was shown by Shioda and Inose [15] , by means of what Morrison later called Shioda-Inose structures [9] .
The arithmetic data of a singular abelian surface is encoded in its transcendental lattice, and a Shioda-Inose structure associates to it a singular K3 surface with the same transcendental lattice, thus preserving the arithmetic information. This has been employed, for instance, by Schütt in the study of the field of definition of singular K3 surfaces [10] : he proved that a singular K3 surface X always admits a model over a ring class field H/K, K being the field K = Q(disc T(X)), generalizing previous results of Inose [4] . Morever, generalizing previous work of Shimada [13] , he describes the conjugate varieties of X (modulo C-isomorphism) under the action of Aut(C/K): this is done by looking at the corresponding transcendental lattices, and it is best understood in the language of genus theory of quadratic forms.
This suggests that, given a good notion of field of moduli, the degree of the field of moduli should be exactly the number of Galois conjugates of X. However, apart from the aforementioned result, nothing is known in general for the field of moduli of singular K3 surfaces. This paper aims at describing the field of moduli of singular K3 surfaces.
By using an idea ofŠafarevič [12] , we reduce the problem of studying the field of moduli of a singular K3 surface X to the study of the analogous field of a singular abelian surface A with transcendental lattice T(A) = T(X) (this condition can always be achieved by means of Shioda-Inose structure). Since the transcendental lattice of X and A are isomorphic, they will have the same field of moduli. Our main tools are Galois theory, the theory of complex multiplication on elliptic curves and the theory of quadratic forms.
Throughout the paper, we stress the analogy between CM elliptic curves and singular K3/abelian surfaces. For instance, singular K3/abelian surfaces are always defined over a number field (see, for example, [11] and [11] ). It turns out that, in the case of K3/abelian surfaces, we recover a very similar picture to the case of CM elliptic curves and their field of moduli.
We give a short overview of the results achieved in the present article. We start by giving a notion of field of K-moduli, where K is an arbitrary field. Typically, we will consider the cases where K is the CM field of our singular K3 surface and the case K = Q.
We first show that, when K is the CM field of a singular K3 surface X, the field of Kmoduli M K is a Galois extension of K of degree g, g being the order of the genus of the transcendental lattice of X seen as a quadratic form.
Then, we study the field of Q-moduli of X, say M Q : it turns out that it is a degree g extension of Q, having index two inside M K . In general, M Q /Q is not a Galois extension, as we point out in the examples: it is enough to consider a singular K3 surface with class number three.
Afterwards, we investigate non-finiteness of singular K3 surfaces with respect to the field of moduli, and how the field of K-moduli changes as we vary the singular K3 surface: as an example, we prove that the field of moduli of a singular K3 surface is independent of the index of primitivity of the transcendental lattice. We also provide an explicit description of the field of moduli that can be implemented on a computer algebra system. the quantity gcd(a, b, c) is called index of primitivity of Q, and Q is said primitive if gcd(a, b, c) = 1. Sometimes, it is convenient to extract the primitive part of a form Q: this is the quadratic form Q 0 such that mQ 0 = Q, m being the index of primitivity of Q.
A form Q represents m ∈ Z if m = Q(x, y) for some x, y ∈ Z; if moreover gcd(x, y) = 1, then we say that Q properly represents m ∈ Z. A quadratic form Q as above will be denoted in short by Q = (a, b, c). Two forms Q = (a, b, c) and
The discriminant of a form Q = (a, b, c) is the integer D := b 2 − 4ac. The set of proper equivalence classes of primitive forms of discriminant D is called the (form) class group of discriminant D, and it is denoted by C(D); we will denote the class of a form Q by [Q] . The class group is equipped with the Dirichlet composition of forms: by [2, Lemma 3.2], if Q = (a, b, c) and
then the composition Q * Q ′ is the form (aa ′ , B, C), where C = B 2 −D 4aa ′ and B is the integer, unique modulo 2aa ′ , such that
Recall that, fixed a quadratic imaginary field K, an order O is a subring of K containing the unity of K which has also the structure of a rank-2 free Z-module; every order O can be written in a unique way as
The integer f is called the conductor of O, and it characterizes O in a unique way; we will denote the order of conductor
For an order O in a quadratic field K, it is possible to define a class group C(O): letting I(O) denote the group of proper fractional ideals, meaning those whose CM ring is O itself, and letting P (O) be the subgroup generated by the principal ones, we set C(O) := I(O)/P (O), and we call it the ideal class group of O. An important result in algebraic number theory states that if disc O = D, then C(D) ∼ = C(O); from now on, we will use interchangeably the two class groups to our convenience. The order of the class group C(O) is called the class number of O, and it is denoted by h(O K,f ).
2.3.
Two interesting spaces of singular surfaces. Let Σ Ab be the set of moduli of singular abelian surfaces, i.e. isomorphism classes of singular abelian surfaces; in [16] , Shioda and Mitani described Σ Ab by means of the transcendental lattice T(A) associated to any singular abelian surface A. We say that an ordered basis {t 1 , t 2 } of T(A) is positive if
and T(A) with a choice of a positive basis is said to be positively oriented.
Notice that the transcendental lattice T(A) is an even lattice, and after choosing a basis one has that
Thus we can always associate to it the quadratic form (a, b, c). This realizes a 1:1 correspondence, and therefore we can naturally see the transcendental lattice as a integral binary quadratic form. We can associate to any quadratic form Q = (a, b, c) an abelian surface A Q . In order to describe the correspondence, we set
and we will denote by E τ the elliptic curve C/Λ τ , Λ τ being the lattice Z + τ Z. The abelian surface associated to a form Q is then defined as the product surface
where τ = τ (Q). The mapping Q → A Q realizes a 1:1 correspondence between SL 2 (Z)-conjugacy classes of binary forms and isomorphism classes of singular abelian surfaces, namely
Q + being the set of positive definite integral binary quadratic forms. By forgetting the orientation, we get a 2:1 map Σ Ab −→ Q + / GL 2 (Z), which is just taking the transcendental lattice of an abelian surface:
As a consequence, we get that every singular abelian surface A is isomorphic to the product of two isogenous elliptic curves with complex multiplication. One can build the analogous space Σ K3 of singular K3 surfaces, and ask for its structure. In their paper, Shioda and Mitani [16] showed that by taking the Kummer surface of a singular abelian surface, one is able to recover all singular K3 surfaces whose transcendental lattice has primitivity index which is divisible by 2. Later, Shioda and Inose [15] proved the surjectivity of the period map for singular K3 surfaces by means of Shioda-Inose structures (as Morrison called them in [9] ): if A is an abelian surface, a Shioda-Inose structure associated to A a K3 surface X = SI(A), which is a 2:1 cover of Km(A) and has the property that T(X) = T(A).
It turns out that also (isomorphism classes of) singular K3 surfaces are uniquely characterized by their transcendental lattice, and thus Σ Ab ∼ = Σ K3 ; in particular, this implies that two singular abelian surfaces are isomorphic if and only if the corresponding K3 surfaces via a Shioda-Inose structure are. This amounts to saying that we can interchangeably consider singular abelian surfaces and singular K3 surfaces when studying the field of moduli.
2.4. CM theory of elliptic curves. We recall a couple of elementary facts about the CM theory of elliptic curves; for a reference, see [18, Ch. 2] . Let Ell(O) be the set of isomorphism classes of elliptic curves with CM by the order O ⊂ K. Since a proper O-ideal is also a lattice, quotienting by O-ideals induces a map
which is an isomorphism. Multiplication of ideal classes and lattices gives a simply transitive action
Another action on Ell(O) is given by the absolute Galois group Gal(K/K):
, and, by using the
. This correspondence defines a surjective homomorphism
One of the properties of this map is that it is independent of the curve [E] chosen to define it, and thus we have that
can be interpreted in terms of quadratic forms. Indeed, to any [E] ∈ Ell(O), one can associate a quadratic form Q such that j(τ (Q)) = j(E). Then, the action is isomorphic to the action
Also, by class group theory, we can phrase everything in terms of the corresponding classes of quadratic forms, where now multiplication of ideal classes corresponds to the Dirichlet composition. Under this interpretation, the map
where
where [Q] corresponds to [E] , and [F (σ)] is meant as the class of quadratic forms corresponding to F (σ) ∈ C(O).
2.5.
The group of idéles. Given a number field K, we denote by I K the group of fractional ideals in K. We can define the so-called group of idéles by setting
There is a canonical surjective homomorphism id
, which associates to every idéle an element of I K . There is also a canonical injective (diagonal) homomorphism
with discrete image. The statement of the main theorems of class field theory in terms of ideals is very explicit. However, it has the big disadvantage of working for a fixed modulus m at the time, and so it describes only the abelian extensions whose conductor divides m. On the other hand, the statements in terms of idéles allow one to consider infinite abelian extensions, or equivalently all finite abelian extensions simultaneously. It also relates local and global class field theory, namely the global Artin map to its local components. 
where the bottom map sends a ∈ I K to φ K (a)| L . Here, φ v is the local component of the Artin map at the place v.
In particular, for any finite extension L of K which is contained in K ab , φ K gives rise to a commutative diagram
We recall that the Main Theorem of Complex Multiplication makes use of the group of idéles I K to control the Galois conjugates of an elliptic curve with CM in K. Let K be an imaginary quadratic field and E an elliptic curve with CM in K; then, there exist an order O ⊂ K and a fractional ideal a ⊂ O such that E ∼ = C/a, and thus E has CM in the order O.
Theorem 2.2 (Main Theorem of Complex Multiplication, Theorem 5.4 of [14])
. Let E = C/Λ be an elliptic curve with CM by an order in
there exists an isomorphism
3. The field of K-moduli
We define the field of K-moduli M K of a variety X, where K is a given field. This field was first introduced by Matsusaka [7] as the relative field of moduli (or field of moduli over K), and it was defined to be the intersection of all fields of definition of X which contain K, in other words
Later, Koizumi [5] adjusted the definition to positive characteristic geometry by adding the extra condition that for an automorphism σ ∈ Aut(Ω/K), where Ω is a fixed universal domain 1 ,
where by [X] we denote the isomorphism class of X. For our purposes, it is best to introduce the following Definition 3.1. The field of K-moduli of X is the subfield of C fixed by the group
In practice, we are dropping Matsusaka's condition and keeping the one Koizumi introduced. Notice that, unlike in the case of Koizumi's definition [5] , our field of moduli always exists and it is unique by Galois theory. Following [5] , if the characteristic of the ground field is zero, then M K is contained in any field of definition for X which contains K, and thus we have the following extension
which in fact is algebraic and Galois. We remark that the right-hand side of this inclusion is quite a mysterious object in general. If X is a variety, by the absolute field of moduli of X we will mean the field of Q-moduli, i.e. the field M Q such that for all automorphisms σ ∈ Aut(C/Q),
equivalently, it is defined as the fixed field of the group
Galois theory once again guarantees that this field is unique for a given variety X. If X is a variety and τ ∈ Gal(C/Q), let X τ denote the variety obtained by conjugating X by τ . Suppose we want to study the field of L-moduli, for some number field L, and denote by G(X) (respectively, G(X τ )) the group fixing the modulus of X (respectively, X τ ) and by M(X) (respectively, M(X τ )) the field of L-moduli. Then, one can show that:
(1) G(X) only depends on the isomorphism class of X;
3.2. A little motivation. Let X be a singular K3 surface, and let
be its transcendental lattice, where the right-hand side equality identifies T(X) with the corresponding quadratic form. To T(X), one can associate two gadgets: the first one is det T(X), and the second one is disc T(X), when T(X) is regarded as a quadratic form. Clearly, det T(X) = − disc T(X) < 0, and thus K := Q( det T(X)) is a quadratic imaginary field. We will call K the CM field 2 of X. If X is the K3 surface associated to a singular abelian surface A via a Shioda-Inose structure (so that, in particular, T(A) = T(X)), we will say that K is the CM field of A as well. Generalizing a previous result of Shimada [13] , Schütt was able to prove the following result 
genus of T(X) = [T(X
Here, as the genus is defined for primitive quadratic forms only, we mean the following: consider the primitive part of T(X), so that T(X) = mT(X) 0 , m being the index of primitivity of T(X). Then,
where Gal(K/Q) accounts for the complex conjugation (for a reference, see [2, Ch. 9] ). But complex conjugation has the effect of sending a singular K3 surface of transcendental lattice (a, b, c) to the singular K3 surface with transcendental lattice (a, −b, c), so it acts as inversion on the corresponding class group (see [16] and [10] ). By observing that a form and its inverse lie in the same genus, we conclude that
This observation suggests a connection between the field of moduli of a singular K3 surface and the genus of its transcendental lattice, even in the case of the field of Q-moduli.
The classification of decompositions of a singular abelian surface [6] allows us to tell something more about the field of moduli of X containing K. Recall that M K is contained in the intersection of all possible fields of definition for X. Then, by means of Shioda-Inose structures, we can study X by means of those abelian surfaces A whose transcendental lattice equals T(X). Let A be such a surface, and consider all product surfaces E 1 × E 2 isomorphic to A (which we know explicitly by [6] ); if j k := j(E k ), by work of Schütt [10] , X admits a model over Q(j 1 j 2 , j 1 + j 2 ). Therefore, considering all admissible pairs (E 1 , E 2 ) as above, we see that
We deduce a slightly clearer picture of what M K looks like, as we know where it has to sit as an extension of Q. Namely, M K lies in right-hand side above, which is theoretically clear. In practice, describing it is a hard task, as this involves the computation of j-invariants.
3.3.
The case of elliptic curves. Our toy example is the case of an elliptic curve E, for which one always has a Weierstraß model
for some A, B ∈ C. It can be proven (see [17, Ch. 1] ) that an elliptic curve E can be defined over the field Q(j E ); moreover, the field of Q-moduli of E is again Q(j E ).
Let now E be a CM elliptic curve. The theory of complex multiplication tells us (see [17, Ch. 2] ) that j E ∈ Q, i.e. the j-invariant of a CM elliptic curve is always an algebraic number.
Suppose that E has CM by an order O in K = Q( √ D). Then, by means of class field theory, one can show that there exists a commutative diagram of field extensions,
where H := H(D) is the ring class field corresponding to the order O (for details, consult [14] ). We would like to let the reader notice that K(j E ) is indeed the field of K-moduli of E. Our study of the field of moduli in the rest of the chapter will reveal that this very picture carries over to singular K3 surfaces (and singular abelian surfaces).
3.4.
An alternative definition of M K . As a singular K3 surface is defined over a number field by a result of Inose [4] , when studying the field of moduli one would like to consider the fieldK
rather than C G , as we defined it above. In fact, one has that C G =K G ′ ; also this is independent of the fact that we are working on a singular K3 surface, as the following more general result shows.
Proposition 3.3. Let X be a variety defined over a number field containing K. Then the fields
Proof. If X is defined over a number field containing K, then Aut(C/K) ⊆ G, and thus C G ⊆ C Aut(C/K) =K (see [8, Theorem 9.29] ). This immedialtely implies that C G ⊆K G ′ . The reverse inclusion follows from the surjectivity of the restriction map | K : G −→ G ′ .
As every singular K3 surface can be defined over a number field, we can define the field of K-moduli of a singular K3 surface to be the field
In the following, we will be concerned with finding explicitly the group G K , as it characterizes uniquely, thanks to Galois theory, the field of moduli.
Characterization in the primitive case
4.1. Statement of the result. Let X be a singular K3 surface, with transcendental lattice T(X) = Q = mQ 0 (Q 0 being the primitive part of T(X)), and discriminant disc T(X) = D = m 2 D 0 (D 0 being the discriminant of Q 0 ). Recall that we can always find a singular abelian surface A such that X is obtained from A by means of the Shioda-Inose structure, and in particular such that T(A) = T(X). In light of this, notice that determining the field of moduli of X is equivalent to determining the field of moduli of any such A, so that we can reduce to considering the problem for singular abelian surfaces.
We will now proceed in giving a different characterization of G K . In what follows, let us assume additionally that m = 1, which is to say that the transcendental lattice T(X) is primitive. Under this assumption, for any decomposition A ∼ = E 1 × E 2 , the quadratic forms Q 1 and Q 2 corresponding to the elliptic curves E 1 and E 2 both lie in C(D) ∼ = C(O), O being the order of discriminant D. Observe that, if we fix a decomposition of A ∼ = E 1 × E 2 , then
We will prove the following Theorem 4.1. Let X be a singular K3 surface with primitive transcendental lattice, and let H be the ring class field of O, the order of discriminant disc T(X). Then the field of
it is a Galois extension of K of degree g, g being the order of the genus of the transcendental lattice of X.
The proof is divided into two steps. First, we will prove that G K restricts to the subgroup of 2-torsion elements of Gal(H/K), and thus it is a closed and normal subgroup of Gal(K/K) with respect to the Krull topology. Afterwards, we will use these facts to study the field extension M K /K, hence to prove Theorem 4.1.
The group G K . By the previous discussions, it follows that
We will now proceed in giving a different characterization of G K .
Proof. Let Q i be the form corresponding to E i (i = 1, 2), and let Q σ i be the one corresponding to E σ i (i = 1, 2). By use of the map
where here we make use of the fact that F is independent of the elliptic curve (and thus of the quadratic form) we use to define it. By [6] , we see that
There is a commutative diagram
Gal(H/K) ∼ = 9 9 r r r r r r r r r r
where H := H(O), which follows from class group theory and says that F is an isomorphism on the restriction of the elements of Gal(K/K) to H. In particular, C(O)[2] ∼ = Gal(H/K) [2] , and thus
This implies the following
We now turn to describing G K as a topological subgroup of Gal(K/K).
Proposition 4.4. G K is a closed normal subgroup of Gal(K/K) with respect to the Krull topology.
Proof. As G K maps onto Gal(H/K) [2] , and
from which we extract the short exact sequence
, and the restriction map | H : Gal(K/K) −→ Gal(H/K) is a continuous surjection by Galois theory, G K is closed and we are done.
4.3.
The extension M K /K. We can now use our knowledge of G K to give a proof of Theorem 4.1.
Proof of Theorem 4.1. As G K is closed and normal in Gal(K/K), we have that [2] , from which we can now cook up the following short exact sequence.
By genus theory (see [2] ), there is a short exact sequence
where C(D) 2 is the group of squares in the class group C(D) (in fact, it is the principal genus). As Gal(H/K) ∼ = C(D), we deduce that
and in particular that # Gal(M K /K) = g, where g = #C(D) 2 is the order of the genus of the transcendental lattice. There is only one genus in C(D) (of order 3), thus we expect a field of moduli of degree 3 over K. Let X be the singular K3 surface whose transcendental lattice is
A Shioda-Inose structure starting from the self-product of E, E being the elliptic curve corresponding to the principal form P in C(D), reveals that X has a model over Q(j(P )). We now show that the field of K-moduli is M K = K(j(P )) = H(O K ), which is a degree 3 extension of K by class field theory. Indeed, as X is realized starting from the self-product of E, where E corresponds to the principal form P , then the transcendental lattice of the conjugate surface by σ ∈ Gal(K/K) is given by
and this is trivial if and only if F (σ) is 2-torsion. However, as # Gal(H/K) = 3, it follows that F (σ) is necessarily trivial, and thus G K = ker F = Gal(K/H). Therefore, we have proven that M K = H. We can also look at the K3 surface Y whose transcendental lattice is
By means of a Shioda-Inose structure, Y has a model over Q(j 1 , j 2 ), where j 1 := j(P ) and j 2 := j(Q); notice that
as we have considered the Shioda-Mitani model of Y (plus some class field theory considerations). It follows that H = K(j 2 ), which is a degree 3 extension of K, and thus we have that M K = H = K(j 2 ).
Generalization to the imprimitive case

5.1.
A first look at G K . We will now treat the case of a singular K3 surface X with imprimitive transcendental lattice T(X) = Q = mQ 0 (m > 1). As in the primitive case, we see that it is enough to choose a decomposition of A, and to compute the field of moduli in that case. Thus, we now fix a decomposition A ∼ = E 1 × E 2 . We would like to mimic the techniques used in the primitive case to give an analogous characterization of the field of moduli. The issue at hand is that given a decomposition A ∼ = E 1 × E 2 , the quadratic forms Q 1 and Q 2 corresponding to E 1 and E 2 must necessarily lie in class groups with different discriminant by [6] . Therefore, we need to use the Dirichlet composition in its generalized sense in order to compute transcendental lattices.
When dealing with decompositions, it is always useful to keep in mind the diagram of orders,
and the corresponding one of class groups,
The maps between the above class group are the one induced by extension of ideals; in terms of quadratic forms, these correspond to multiplication by the principal form of the target order: for instance, the reduction map
, where ⊛ is the generalized Dirichlet composition, and P 0 is the principal form in C(O K,f 0 ). As before, there are maps
. By use of the generalized Dirichlet composition ⊛ and the maps F i (i = 1, 2), we see that
The discussion above can be rephrased as follows:
In order to go any further, we need to understand the interaction of the maps F i (i = 0, 1, 2). As the class groups are abelian groups, these maps factor through the Galois group of K ab , the maximal abelian extension of K. We get maps (again called F i by abuse of notation)
Here is where the theory of idéles comes into play, picturing the behaviour of these maps in their totality. 
5.2.
Compatibility condition for the maps F i . The idea is inspired by a paper of Schütt [10] : given a singular abelian surface A, among all decompositions that we can choose, there is one that behaves better that the others, namely the decomposition that Shioda and Mitani used to prove the surjectivity of the period map for singular abelian surfaces [16] .
To the reader's convenience, we briefly recall this construction. Letting A be a singular abelian surface of transcendental lattice T (A) ∼ = (a, b, c) , Shioda and Mitani showed that A ∼ = E τ × E aτ +b , where
.
In particular, E aτ +b always corresponds to the principal form in the class group of discriminant D = disc T(A), and E τ instead corresponds to the quadratic form T(A) 0 , the primitive part of T(A). Let us assume A ∼ = E 1 × E 2 is the Shioda-Mitani decomposition: if T(A) = Q = mQ 0 , then E 1 corresponds to the quadratic form Q 0 ∈ C(D 0 ) and E 2 corresponds to the principal form P ∈ C(D). Notice that we also have A ∼ = C/a × C/O K,f , for a ∈ C(O K,f 0 ), and thus the proof of [10, Theorem 5.4] shows in particular that, for σ ∈ Gal(K/K)
where, as s varies in
2 spans the whole genus of Q 0 in C(D 0 ). This ultimately suggests that we look at elements of the form s −1 O, as their squares span the principal genus of a class group, and characterize the transcendental lattice as it moves in its genus.
To do so, suppose we are given an order O ⊂ K, the map
factorizes through a map
independently of the chosen E = C/a ∈ Ell(O). By the Main Theorem of CM, there exists an idéle s ∈ I K such that φ K (s) = σ and
As s 
C(O)
Proof. This is equivalent to G K being an index-two subgroup of G Q . In fact, it is enough to show that
This implies that C ∼ = Z/2Z, and thus we can identify the quotient group C with Gal(K/Q).
We now prove that G Q \ G K = ∅. If T(X) is 2-torsion, then the complex conjugation automorphism ι is an element in G Q \ G K . Therefore we can assume T(X) is not 2-torsion. In this case, we will build an element α ∈ G Q \ G K . Suppose X is given as the Shioda-Inose K3 surface of a product E 1 × E 2 , and let Q i ∈ C(O K,f i ) be the corresponding quadratic forms (for i = 1, 2). Then T(X) = mQ 0 with
by looking at the transcendental lattice (as a quadratic form), we see that
Notice that we have used the fact that complex conjugation is insensitive to the index of primitivity of T(X) and acts on it by inversion (i.e. by multiplication of the non-diagonal entries of T(X) by −1, after choosing a basis). At this point, we choose σ ∈ Gal(Q/K) such that F 0 (σ) = Q 0 . By Lemma 5.2, this choice is compatible with the reduction maps red 0 of quadratic forms. Such σ yields an element α := ισ as required.
As a consequence, M K /M Q is a Galois extension with group C ∼ = Gal(K/Q), and thus M K M Q . By multiplicativity of degree, the extensions M K /K and M Q /Q have the same degree.
We remark that K is not contained in M Q , and thus M Q ∩ K = Q. Indeed, if this were the case, then we would have G Q ⊂ Gal(Q/K). If T(X) is 2-torsion, then ι ∈ G Q \ Gal(Q/K), and so we get a contradiction. If T(X) is not 2-torsion, then any τ ∈ G Q \ G K yields the same contradiction.
As a consequence of the discussion above, we have the following result. 
g being the genus of T (X). In general, it is not a Galois extension of Q. Figure 1 . Relative and absolute field of moduli
In particular, we have the diagram of field extensions in Figure 1 , where all extensions are Galois, except possibly for M Q /Q. Remark 6.3. We would like to point out that Figure 1 recovers the picture of the case of elliptic curves with CM in K. For an elliptic curve E with CM in an imaginary quadratic field K, M Q = Q(j(E)) and M K = K(j(E)) = H, H being the ring class field of the elliptic curve E (we are implicitly using the fact that elliptic curves correspond to quadratic forms). The equality M K = H is explained by the fact that the field of K-moduli coincides with the minimal field of definition, for every elliptic curve with CM in K.
The final statement of Theorem 6.2 is that the extension M Q /Q is not Galois in general; the following example shows an occurrence of this phenomenon.
Example 6.4 (Example 4.5 reloaded). We compute the absolute field of moduli for the K3 surface X. Our results tell us that M Q must be an extension of degree 3 of Q. In this case, X has a model over Q(j(P )), which is a degree 3 extension of Q, so it follows that the absolute field of moduli M Q is indeed Q(j(P )) itself, which agrees with Theorem 6.2. Now, the class polynomial H O K (T ) of the order O K has j(P ), j(Q) and j(Q −1 ) as roots; j(P ) is real, while j(Q) = j(Q −1 ). It follows that the extension Q(j(P ))/Q cannot be Galois.
For a more interesting example, we look at the K3 surface Y , and we recall that
if we consider a Shioda-Inose model for Y . As the field of moduli M Q in contained in every field of definition for Y , and must have degree 3 by Theorem 6.2, we must find an element α ∈ Gal(H/Q) which leaves the modulus invariant. If ι denotes the (restriction of the) complex conjugation automorphism and σ ∈ Gal(K/K) is an element such that F (σ) = Q −1 , then α := σι satisfies this condition. Therefore M Q is the subfield of H which is fixed by the group generated by α: this group has order 2, and thus we get that M Q is an extension of Q of degree 3, as expected. This result says that we can use the degree of the field of definition to stratify Σ K3 , and that each stratum contains finitely many elements only: the n th stratum is defined as
One might wonder whether a similar result holds for the field of moduli in place of the field of definition. We will now see that this is not the case. In particular, this shows that bounding the degree of the (relative) field of moduli is not enough to have a stratification of Σ K3 in strata containing finitely many elements only. In fact, we have shown that for each possible field of K-moduli, there exist infinitely many singular K3 surfaces with that field of K-moduli. This non-finiteness result holds true also if we replace the relative field of moduli with the absolute one: in fact, it is enough to fix a primitive quadratic form Q such that h(disc Q) = 1; then #{[X] ∈ Σ K3 : T(X) = mQ, m ∈ N} = +∞, and all K3 surfaces in the set above have clearly Q as absolute field of moduli.
7.2. Explicit fields of K-moduli. We can still ask questions such as: which fields can appear as the field of K-moduli of a singular K3 surface? To answer such a question, Theorem 5.4 and its description of the field of moduli does not help us. The ideal situation would be to describe M K as the subfield of a finite extension of K fixed by a (finite) group. . From previous discussions, we know that X and X ′ will have the same field of K-moduli, with K = Q( disc T(X)). We would like to study the analogous question for the field of Q-moduli, that is whether the field of Q-moduli is independent of the index of primitivity. Proof. The discussion in Section 6 shows that for G Q (X) = G K (X), α X (as a group), where α X is a suitable element in Gal(Q/K). We will now show that α X = α Y , where α Y is the analogous element of Gal(Q/K) for Y .
Indeed, if we write α X = ι • σ X , with σ X ∈ Gal(Q/K) as in the proof of Proposition 6.1
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, it is straightforward to see that
where we have used that T(X) is primitive and that F 0 (σ X ) = T(X) (as a quadratic formsee proof of Proposition 6.1).
This result is clearly the analogue of Proposition 7.2 for the field of Q-moduli. Since conjugation by an automorphism acts as taking the conjugate field on the field of moduli (see Section 3), we cannot have such an analogue for Proposition 7.3. However, the following analogue of Corollary 7.4 holds. Finally, thanks to Proposition 7.5, it is straightforward to describe M Q explicitly.
Proposition 7.8. M Q = H Gal(H/K) [2] ×Gal(K/Q) .
